arXiv:  1905.027 36 vl  [hep-th]  7  May  2019 


A  Weak  Gravity  Theorem 


Mehrdad  Mirbabayi 

International  Centre  for  Theoretical  Physics,  Trieste,  Italy 


Abstract:  In  a  gravitational  theory  with  a  massless  photon  the  maximum  charge-to-mass 
ratio  of  black  holes  approaches  the  prediction  of  the  Einstein-Maxwell  theory  as  black  hole 
mass  increases:  Qext/M  =  1  +  a/M 2  for  some  constant  a.  We  will  show  that  a  >  0  if 
below  the  quantum  gravity  scale  A  there  are  many  degrees  of  freedom  with  a  hierarchically 
small  mass  gap  log(A/mgap)  1.  In  this  regime  one  can  treat  gravity  as  a  non-dynamical 
background  held  and  derive  field-theoretic  sum-rules  for  the  coefficients  of  the  leading  cor¬ 
rections  to  the  Einstein-Maxwell  theory.  The  positivity  of  a  follows  from  the  sum-rules.  As 
a  consequence,  gravitational  attraction  gets  weaker  than  the  electric  force  among  maximally 
charged  black  holes  as  they  become  lighter,  and  large  extremal  black  holes  can  decay  into 
smaller  black  holes. 

1  Introduction 

It  has  been  conjectured  that  in  any  consistent  theory  of  quantum  gravity  with  a  massless 
photon  there  has  to  be  super-extremal  states;  states  whose  charge  in  Planck  units  is  larger 
than  their  mass  [1].  This  “Weak  Gravity  Conjecture”  (WGC)  would  imply  large  extremal 
black  holes  decay  by  emitting  super-extremal  states. 

No  contradiction  is  known  to  arise  if  extremal  black  holes  were  stable.  The  evidence 
for  the  conjecture  comes  from  explicit  string  theory  compactihcations  which  seem  to  satisfy 
the  WGC  in  one  way  or  the  other.  Moreover  WGC  fits  well  within  a  web  of  ideas  about 
the  unique  features  of  gravitational  theories  such  as  those  proposed  in  [2,  3,  4,  5].  Stronger 
versions  of  the  conjecture,  which  are  more  specific  about  the  properties  of  the  proposed 
super-extremal  states,  are  phenomenologically  powerful  as  they  imply  nontrivial  restrictions 
on  effective  held  theories.  See  e.g.  [1,  6,  7,  8,  9,  10,  11,  12,  13]  for  application  to  models 
of  large- held  inhation,  and  [14,  15,  16]  for  proposed  solutions  to  the  electroweak  hierarchy 
problem.  As  desirable  as  it  is  to  have  this  extra  predictivity,  in  most  cases  there  has  been 
either  explicit  counter-examples  to  the  strong  versions  of  the  conjecture,  or  ways  to  model- 
build  around  them  to  avoid  a  sharp  constraint. 

Nevertheless  the  investigation  of  the  WGC  has  been  a  fruitful  program.  For  instance,  it 
has  motivated  a  “top-down  search”  for  patterns  or  counter-examples  in  string  compactihca- 
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tions.  It  has  become  clear  that  the  conjecture  has  to  be  generalized  to  multiple  symmetry 
groups  [14,  17],  to  higher-form  symmetries  and  to  dilaton-gravity  models  [18,  19].  Moreover 
several  intriguing  links  have  been  found,  for  instance,  with  the  cosmic  censor  conjecture,  the 
super-Planckian  displacements  in  the  field  space  (or  absence  thereof),  and  possible  emer¬ 
gent  nature  of  gauge  symmetries.  See  e.g.  [20,  21,  22,  23,  24,  25].  Via  holography  the 
WGC  has  turned  into  a  concrete  statement  about  the  spectrum  of  conformal  field  theories 
[26,  24,  27,  28].  Finally,  the  question  has  also  been  formulated  as  one  about  the  consistency 
of  the  low-energy  effective  theory  of  photons  and  gravitons  [29,  30,  31,  32],  A  recent  review 
and  a  more  complete  list  of  references  can  be  found  in  [33]. 

The  idea  that  small  charged  black  holes  might  themselves  qualify  as  the  conjectured 
super-extremal  states  is  as  old  as  the  conjecture  itself.  Large  extremal  black  holes  have 
Qex t/M  =  1  in  the  Einstein-Maxwell  theory.  However  this  is  an  effective  theory  and  as 
the  black  hole  size  shrinks  the  higher  derivative  corrections  become  important.  Hence  the 
maximum  charge  Qext  that  can  be  loaded  on  a  finite  mass  black  hole  generically  deviates  from 
M.  Whether  the  limit  Qext/M  — >  1  is  approached  from  above  or  from  below  as  M  — >■  oo  is 
unambiguously  determined  within  the  low-energy  effective  theory  of  photons  and  gravitons. 
The  answer  depends  on  the  leading  higher  derivative  corrections  to  the  Einstein-Maxwell 
theory,  which  are 


SPf[  =  /  crrr-v/3 


+  c\R2  +  c2R^R^  +  c3R^aPR^ 


+  c4RF uuF^  +  cbR,uF^F"a  +  ceR^F^F^ 


(1) 


+  c7 (F^F^)2  +  c8 FIW Fa/!i FIJ'aFul3  +  higher  derivatives 


For  large  black  holes,  and  in  unites  where  the  electric  field  is  Foi  —  4^/27 rM2  t-2  ’  the  maximum 
charge  for  a  given  mass  M  is  modified  to 


M 
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cext  +  0(i\4/M4) 


(2) 


where  as  shown  in  [29]  and  recently  revisited  in  [32]  (whose  conventions  are  adopted  here) 


Cext  —  C2  +  4c3  +  C5  +  Cq  +  4c7  +  2cs- 


(3) 


One  might  expect  that  in  a  consistent  theory  of  quantum  gravity  the  coefficients  {ci,  •  •  •  ,  c8} 


2 


are  constrained  such  that  cext  >  0.  This  expectation  is  supported  by  the  unitarity  constraints 
on  the  Eulcr-Heisenberg  action,  which  in  particular  imply  4c7  +  2cs  >  0  [34,  35,  36].  However 
despite  earlier  attempts  the  problem  remained  unsolved  due  to  a  challenge  in  generalizing 
the  argument  to  the  gravitational  context.  The  forward  scattering  amplitude  A(s,t  =  0), 
which  is  the  subject  of  study  in  [36],  is  singular  in  a  gravitational  theory  because  of  the 
/-channel  pole  from  the  graviton  exchange. 

Recently  two  ways  to  get  around  this  issue  and  to  prove  cext  >  0  have  been  proposed. 
The  argument  of  [32]  relics  on  the  intriguing  observation  that  the  change  in  the  entropy 
of  maximally  charged  black  holes  is  controlled  by  the  same  combination  cext-  The  authors 
argue  cext  must  be  positive  by  employing  a  notion  of  monotonicity  for  the  black  hole  entropy 
calculated  in  different  theories.  The  proposal  of  [37]  is  instead  to  regulate  the  /-channel 
singularity  of  the  forward  amplitude  by  compactifying  the  theory  to  3 d  and  using  Eikonal 
resummation. 

There  are  some  subtleties  in  both  arguments.  In  the  first  case  they  originate  from  our  poor 
understanding  of  black  hole  micro-state  counting.  In  the  second  case  from  the  complications 
of  gravitational  scattering  in  3d.  The  goal  here  is  to  give  a  third,  purely  field-theoretic 
argument  which  is  summarized  below. 

1.1  Summary 

Our  argument  applies  in  the  restricted  context  when  below  the  strong  gravity  scale  A  there 
is  a  description  in  terms  of  a  Quantum  Field  Theory  (QFT)  with  a  large  number  of  degrees 
of  freedom  that  are  gapped  at  scales  nii  hierarchically  below  the  cutoff.  To  simplify  the 
argument  we  assume  the  masses  are  all  within  a  window  near  one  scale  m  with  log(A/m)  ^  1. 
That  is, 

(%)  In  the  energy  range  m  <C  E  <C  A,  there  is  an  approximately  scale  invariant  QFT  with 
a  large  central  charge  C>  1. 

We  denote  this  scale-invariant  theory  the  UV  CFT  (see  figure  1).  The  weak  coupling  to 
gravity  can  be  thought  of  as  an  irrelevant  deformation  of  the  UV  CFT  with  scale  A.  There 
are  also  relevant  deformations  with  scale  m.  Moreover,  we  assume  that  at  low-energies  QFT 
is  coupled  (weakly)  to  the  photon  field: 

(ii)  QFT  has  a  nontrivial  electromagnetic  current  J7"  at  E  ~  m. 

Below  m  the  only  degrees  of  freedom  are  gravitons  and  photons  described  by  the  effective 
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Figure  1:  We  assume  an  approximately  scale-invariant  QFT  (called  the  UV  CFT)  below  the 
quantum  gravity  scale  A.  UV  CFT  has  a  large  number  of  degrees  of  freedom  that  are  gapped  at  a 
hierarchically  lower  scale  m.  For  gravity  is  approximated  as  an  external  probe  of  the  QFT. 

action  (1). 

In  this  scenario,  the  running  of  the  effective  action  for  photons  and  gravitons  between 
m  and  A  is  dominated  by  the  QFT  degrees  of  freedom,  and  hence  gravitons  can  be  treated 
as  the  external  sources  for  the  energy-momentum  tensor.  The  same  can  be  said  about  low- 
energy  ( E  ~  m)  photons  as  external  sources  for  the  U(1)em  current.  The  effective  action 
can  then  be  thought  of  as  the  generating  functional  for  T and  E  correlation  functions  of 
the  QFT: 

[^-£1  1 

where  the  path  integral  is  over  all  QFT  degrees  of  freedom  denoted  by  0.  A  simple  power¬ 
counting  reveals  that  in  four  spacetime  dimensions  the  running  of  the  coefficients  of  the 
4-derivative  operators  in  (1)  is  not  UV  dominated.  Hence  we  have  a  well-posed  problem 
within  the  QFT. 

Nevertheless  there  is  a  crucial  input  from  gravity  to  this  field  theoretic  argument.  In  a 
QFT  one  is  free  to  add  local  counter-terms  to  Ses,  and  therefore  only  the  differences  between 
the  UV  and  IR  coefficients  are  meaningful.  In  our  case,  the  fact  that  gravity  is  dynamical 
and  ultimately  it  becomes  strong  at  A  forbids  arbitrarily  large  UV  counter-terms.  Once  the 
running  of  the  coefficients  parametrically  exceeds  the  allowed  range  of  the  UV  values  we  can 
confidently  talk  about  the  absolute  values  of  the  IR  coefficients. 

To  illustrate  this  point  let’s  momentarily  ignore  the  Euler- Heisenberg  terms  (those  schemat¬ 
ically  of  the  form  RF 2  and  F4)  in  (1).  The  correction  to  the  extremality  condition  is  then 
controlled  by  cext  — »  +  4c3.  In  section  2  we  will  focus  on  this  case  to  give  a  detailed 

formulation  of  the  setup.  In  particular,  we  will  discuss  possible  non-minimal  couplings  to 
gravity  and  explain  why  our  derivation  is  robust  against  field  redefinitions  as  long  as  they 
do  not  introduce  spuriously  large  irrelevant  deformations  to  the  UV  CFT.  We  will  see  that 


=  /  D(f>e 
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there  is  a  more  suitable  basis  for  the  curvature-squared  corrections 

J  d4x^[cR2R2  +  cwiW^W^  +  cgb/Igb]  (5) 

where  W/wafj  is  the  Weyl  tensor  and  the  Gauss-Bonnet  term  is  defined  as 

£gb  =  R^apR^-  -  4 R^RT  +  R2.  (6) 

In  this  basis  c2  +  4c3  =  2 cw2  ■ 

We  will  derive  a  sum-rule  for  the  running  of  C\y2  in  terms  of  the  norm-square  of  matrix 
elements  of  T^u.  This  coefficient  has  a  parametrically  large  running  during  the  CFT  phase 
due  to  the  Weyl  anomaly  [38].  Hence  up  to  small  corrections  (from  UV  ambiguities  and 
Renormalization  Group  (RG)  flow  near  E  ~  m),  we  obtain 

cext  —  2(7  log  —  +  Contribution  from  RF 2  and  F 4.  (7) 

m 

The  central  charge  C  of  the  UV  CFT  determines  the  normalization  of  the  T ^  two-point 
function.  In  momentum  space  this  translates  into  a  non-analytic  piece: 

(T'-(p)T^(-p))  =  2 Cp1  log(p2/A2),  (8) 

where  p M  is  a  time-like  four-momentum  with  norm  p 2  =  p^1  and  is  a  normalized,  real, 
transverse-traceless  polarization  tensor.  By  unitarity  C  >  0  and  it  is  large  by  assumption 
(i).  Hence  cext  >  0  and  Qext/M  —  1  >  0  if  Euler-Heisenberg  terms  are  ignored. 

In  section  3  we  derive  QFT  sum-rules  for  the  running  of  the  Euler-Heisenberg  interactions, 
{c4,  •  •  •  ,  Cs}.  We  will  argue  that  the  sums,  which  by  our  assumption  (ii)  are  nontrivial,  are 
infra-red  (IR)  dominated.  Therefore,  having  fixed  the  UV  scale  A,  once  rn  <C  A  the  IR 
coefficients  would  grow  parametrically  larger  than  the  UV  values. 

Focusing  on  the  purely  electromagnetic  sector,  we  can  choose  the  alternative  basis 

J  d4xV^[cF4F,uF^)2  +  cF4(F^FH2]  ,  (9) 

where  F ^  Fa^.  In  this  basis  one  obtains  positive-definite  sums  for  both  cF 4  and 

dpi.  In  particular,  the  extremality  condition  depends  on  4c7  +  2 c%  =  4cp4  >  0. 

Hence  the  fully  electromagnetic  and  the  fully  gravitational  contribution  to  cext  are  pos¬ 
itive.  We  will  then  use  the  IR  dominance  of  the  sum-rules  for  F4  and  RF2  interactions, 
to  truncate  the  sums  at  some  A'  such  that  rn  «  A'  «  A,  but  log(A'/m)  ~  1.  From  the 
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truncated  sums  our  final  result  follows: 


cext  >  2 C  log - Wll2cpiC  log(A'  /  m)  +  4c^4  >  0, 

m 


if  log— >1.  (10) 

m 


Further  comments  will  follow  in  section  4. 


2  Curvature  Corrections 

Our  goal  in  this  section  is  to  relate  the  coefficients  of  the  low-energy  gravitational  effective 
action  ci,C2,C3  to  the  QFT  data  by  treating  the  metric  as  an  external  source.  In  this  ap¬ 
proximation  the  object  of  interest  .S'eff [glw]  is  the  generating  functional  for  the  correlation 
functions  of  the  QFT  stress-energy  tensor  In  order  to  determine  the  running  of  the 

curvature-squared  terms  in  Seg,  we  first  have  to  explore  the  space  of  possible  deformations 
of  the  UV  CFT  through  non- minimal  coupling  to  the  metric  (section  2.1).  This  will  be  used 
to  show  the  robustness  of  our  final  result  (7),  for  instance  under  metric  field  redefinition.  In 
section  2.2  we  will  introduce  graviton  “pseudo-amplitudes”  as  the  momentum-space  correla¬ 
tion  functions  of  and  in  section  2.3  write  down  the  dispersion  relations.  In  section  2.4  we 
use  the  optical  theorem  to  derive  the  sum-rules  for  the  coefficients  Cr 2  and  C\y 2  in  the  basis 
(5).  Finally  the  sum  for  c\y 2  is  evaluated  in  section  2.5  to  derive  the  purely  gravitational 
contribution  to  the  extremality  bound. 

2.1  Non-minimal  Couplings 

Apart  from  the  minimal  coupling  (replacing  r /MI/  — y  g^w)  general  covariance  allows  for  coupling 
of  QFT  operators  to  the  curvature  tensor  and  its  derivatives.  By  including  the  trivial  case 
where  the  QFT  operator  in  question  is  the  identity  1,  the  space  of  all  these  “non-minimal 
couplings”  covers  also  the  local  counter-terms  that  can  be  added  to  Seg[g^u]  in  the  UV  CFT. 
As  usual  there  is  at  most  a  finite  number  of  relevant  and  marginal  deformations  and  an 
infinite  set  of  irrelevant  ones.  Below  we  will  discuss  these  deformations,  following  [39]. 

The  most  relevant  term  in  this  list  is  the  cosmological  constant  which  has  to  be  tuned 
to  zero.  The  next  one  is  the  Einstein-Hilbert  term,  which  can  be  thought  of  as  coupling 
scalar  curvature  R  to  the  unit  operator  1.  Its  coefficient,  the  Planck  scale  Mp,,  is  a  UV 
sensitive  quantity  with  little  significance  if  we  were  not  dealing  with  a  gravitational  theory. 
Instead,  now  the  Planck  scale  plays  the  important  role  of  fixing  the  UV  cutoff  A  as  the  scale 
at  which  the  QFT  contribution  to  the  graviton  correlation  functions  becomes  significant. 
In  particular,  the  graviton  2-point  function  receives  a  local  piece  from  the  Einstein-Hilbert 
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term  and  a  non-local  piece  (8)  from  coupling  to  matter  T^w.  Schematically 


a2Seff 

£^u£al3  5  ( p )  5  hap  ( -p) 


~  Mpjp2  +  Np\ 


(11) 


where  N  ~  C  is  the  characteristic  number  of  degrees  of  freedom.  The  energy  at  which  the 
two  terms  become  comparable  determines  the  cutoff 


Mp,  ~  JVA 2. 


(12) 


The  next  subleading  couplings  of  metric  to  the  CFT  unit  operator  are  the  exactly  marginal 
curvature-squared  terms  listed  in  (1).  Because  of  large  logarithms  their  coefficients  are 
expected  to  be  very  different  in  the  UV  with  respect  to  the  low-energy  theory.  We  assume 
that  once  the  RG  scale  m  is  taken  much  below  A  the  UV  coefficients  become  independent 
of  m.  Hence,  consistent  with  the  above  definition  of  the  UV  cutoff,  the  UV  coefficients  of 
the  curvature-squared  corrections  are  taken  to  be  at  most 


c 


UV 

1,2,3 


~  N. 


(13) 


So  far  we  only  discussed  the  local  terms  that  one  can  add  directly  to  the  effective  action 
Seff  [.9/ti/]  •  Next  consider  coupling  to  nontrivial  CFT  operators.  The  only  way  to  have  a 
relevant  (marginal)  deformation  among  those  is  if  the  CFT  contains  a  singlet  operator  O 
with  dimension  Aq  <  2  (Aq  =  2).  In  a  perturbative  setup  this  can  be  a  real  scalar  field 
0\  =  (p,  with  Ai  ~  1,  or  02  =  <p2,  with  A2  —  2.  If  such  an  operator  O  exists  there  is  no 
reason  to  exclude  the  coupling 

SR[0]  =  I  d*xy/^gp2~A°RO,  (14) 

for  some  mass  scale  /i.  In  fact  there  is  a  particular  case  where  this  coupling  is  dictated  by 
symmetry.  If  the  above-mentioned  field  (p  is  the  Goldstone  boson  of  a  spontaneously  broken 
global  symmetry,  its  shift-symmetry  forbids  conformal  coupling  to  the  metric.  Hence,  one  can 
think  of  the  minimally  coupled  scalar  (p  as  a  conformally  coupled  one  plus  an  unimprovement 
term  Sn{(p2]  [39].  Depending  on  the  relative  size  of  /i  and  the  RG  scale  m,  this  deformation 
can  have  a  significant  effect  on  the  IR  coefficients  ct.  Nevertheless  we  will  see  that  the 
particular  combination  c2  +  4c3,  which  enters  Qext/M,  is  unaffected  by  these  couplings.1 

Unitarity  constraints  on  the  dimension  of  higher  spin  operators  ensure  that  all  other 

:We  mention  in  anticipation  that  the  potential  effect  on  the  Euler-Heisenberg  term  C4  in  (1)  is  also 
irrelevant  for  the  extremality  condition. 
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couplings  to  the  curvature  tensor  are  irrelevant.  We  assume  all  these  irrelevant  couplings  are 
suppressed  at  least  by  A  (since  we  are  considering  N  1,  some  couplings  will  also  include 
suppression  by  N  to  ensure  that  the  deformation  is  small  when  E  <C  A).  An  example  of 
such  an  irrelevant  coupling  is 

SrJT]  =  f  (15) 

which  would  be  generated  under  a  redefinition  of  the  metric 

Applying  the  same  field-redefinition  in  the  low-energy  theory  changes  the  ct  coefficients  in 
(1).  However  the  above  suppression  ensures  that 

~  1 V.  (17) 

Equations  (13)  and  (17)  ensure  that  the  ambiguity  in  the  IR  values  c[  2  3  are  at  most  O(N)  = 
0(C)  which  is  parametrically  smaller  than  our  result  (7). 


2.2  Graviton  Pseudo-Amplitudes 

The  derivation  of  (7)  is  based  on  dispersion  relations  written  for  the  connected  time-ordered 
correlation  functions  of  T^u .  In  our  setup  the  real-space  time-ordered  correlation  functions 
at  non-coincident  points  are  related  to  the  gravitational  effective  action  as 


-(T[T^(xi)---T^(xn)])c  = 


8n 


(%i)  ---tig, 


VnVn  \Xn ) 


~iSeff  [gt 


liv\ 


(18) 


9hV=Vij.v 


Going  to  the  momentum  space  and  contracting  the  ith  stress-energy  tensor  by  the  polariza¬ 
tion  vector  y  we  obtain  graviton  “pseudo-amplitudes”  [40]: 


(2vr)4<54(^  ki)iA(ki,  ■■■  ,kn;  Ai  •  •  •  An) 

i= 1 


8r‘ 


8h(k\ ,  Ai)  •  •  •  8h(kn ,  A, 


iSeff  \gt 


g^=v^ 


(19) 


where  we  have  Fourier-transformed  hfiu(x)  =  g^v(x)  —  T)^  and  expanded  in  terms  of  a 
complete  set  of  polarization  vectors 


(20) 


PA  A 


Figure  2:  We  write  a  dispersion  relation  for  the  off-shell  graviton  pseudo-amplitude  with  momen¬ 
tum  p  =  (y/s,  0).  As  explained  in  the  text  pseudo-amplitudes  have  no  internal  gravitons  and  hence 
are  the  momentum  space  time-ordered  correlation  functions  of  the  QFT  stress  tensor. 

Pseudo-amplitudes  are  amputated  amplitudes  with  only  external  gravitons.  Diagrammati- 
cally  they  are  given  by  a  sum  just  over  the  tree-level  contact  diagrams,  with  vertices  derived 
from  S'eff. 

Unlike  on-shell  scattering  amplitudes,  pseudo-amplitudes  are  not  uniquely  defined.  They 
depend  on  how  graviton  held  h^w  is  defined  at  nonlinear  order.  For  instance,  the  same  n-point 
amplitude  defined  in  terms  of  h,iu  =  g^v  —  rf11'  would  generically  be  different.  This  reflects 
the  ambiguity  of  the  real-space  correlation  functions  (18)  at  coincident  points.  However  we 
are  only  concerned  with  the  2-graviton  amplitude,  which  is  unaffected  by  these  nonlinear 
transformations  since  there  is  no  tadpole  term  in  SeQ. 

On  the  other  hand  held  redefinitions  that  start  at  linear  order  contain  derivatives  and 
introduce  irrelevant  couplings  in  the  UV  CFT,  as  in  (16).  The  requirement  that  irrele¬ 
vant  couplings  are  suppressed  by  A  ensures  that  the  effect  of  these  redefinitions  on  cex t  is 
parametrically  suppressed,  going  at  most  as  N  with  no  logarithmic  enhancement. 

2.3  Dispersion  Relations 

Our  sum-rules  follow  from  the  standard  dispersion  relations,  as  discussed  in  [41],  but  written 
for  <]T[TAtI/(a;)T“/3(0)]).  That  is  to  say,  we  are  working  with  the  forward  2-graviton  pseudo¬ 
amplitude  Ah^h,  figure  2.  The  minor  deviations  from  [41]  are  to  simplify  the  generalization 
to  include  the  3-  and  4-  point  functions  in  the  next  section. 

As  the  external  momentum  we  choose  p M  =  (y/s,  0,  0, 0),  and  write  the  dispersion  relation 
in  terms  of  s.  The  pseudo-amplitude  Ah^h(s,  A)  is  analytic  except  for  a  discontinuity  along 
the  positive  real  s.  Moreover  A  is  analytic  below  the  gap  s  <  m2,  where  Ses  admits  a 
derivative  expansion  in  terms  of  local  terms  (1).  The  analyticity  near  s  =  0  will  break  down 
once  the  photon  field  is  included  as  a  dynamical  QFT  degree  of  freedom.  Loops  of  photons 
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Figure  3:  The  complex  s  plane  contour.  The  discontinuity  of  the  amplitude  is  related  to  the 
exchange  of  QFT  degrees  of  freedom  and  starts  from  s  ~  m2. 


make  the  running,  and  hence  the  discontinuity,  extend  all  the  way  to  s  =  0.  This  effect  is 
small  since  it  is  relatively  suppressed  by  N  and  goes  in  the  same  direction  as  other  QFT 
contributions.  So  to  keep  things  simple  we  will  neglect  it. 

We  are  interested  in  the  4-derivative  operators,  which  contribute  at  order  s2.  A  twice 
subtracted  dispersion  relation  extracts  this  contribution  (see  figure  3): 

f  ds  \  ds 

=  0,\)  =  <b  —Ah^h(s,  A)  +  /  —  DiscA-^s,  A),  (21) 

./|s|=A2  S  J m2  & 

where  prime  denotes  derivative  with  respect  to  s  =  —p2. 

Let  us  first  discuss  the  choice  of  the  polarization  tensor.  By  diff-invariance  can 
be  taken  to  be  fully  spatial.  The  independent  choices  are  then  a  pure  trace  eff  cc  Sij 
corresponding  to  zero  angular  momentum  l  =  0,  and  the  five  symmetric-traceless  tensors 
corresponding  to  l  —  2.  All  polarization  tensors  are  chosen  real.  Working  in  the  basis  (5)  of 
curvature-squared  operators,  which  is  related  to  the  original  basis  (1)  via 


1 

C1  ~  CR2  +  CGB  +  g  C\V 2 


c-2  —  — 4cgb  —  2cvi/2 


(22) 


C3  —  Cgb  +  CW2 1 
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the  l  =  0  polarization  singles  out  K2,  and  l  =  2  polarization  W2: 


A" 


h— >h  V 


(s  =  o,  A)  =  \l2cR*Praf}  +  2cw,PrP 


rw 

'a(3  ? 


(23) 


where  the  l  =  0  and  /  =  2  projectors  are  defined  respectively  as 


pLwa/3  -a/3 

M)  —  2 '/  '/  ) 


P 


/j,ua(3  _ ■ 


fjHOLfjvP  _|_  _ 

3 


(24) 


and  f\tlv  =  77^^  —  For  our  choice  of  these  are  all  purely  spatial  matrices.  The  Gauss- 
Bonnet  term  is  a  total  derivative  in  4d  and  hence  does  not  contribute  to  the  momentum 
space  pseudo-amplitudes. 


2.4  Optical  Theorem  and  The  Sum-Rules 

Next  we  use  the  “optical  theorem”  to  relate  Disc.4.  to  the  norm-square  of  matrix  elements 
of  T^u .  The  discontinuity  of  Ah-+h  across  the  half  line  s  >  m2  coincides  with  twice  the 
imaginary  part,  and  can  be  obtained  from  the  following  identity  for  the  time-ordered  and 
anti-time-ordered  (T)  correlation  functions  [42,  40]: 

n 

EMf  £  n°M---°M]T:P(xn)---o(x,n)]  =  a  (25) 

k= 0  <TEll(/c,n— /c) 


where  14 (k,  n  —  k )  is  the  set  of  all  partitions  c  of  {1,  2,  •  •  •  ,  n}  into  two  sets  of  size  k  and 
n  —  k.  In  the  simple  case  of  n  =  2,  this  identity  relates  the  discontinuity  of  Ah->-h(s ,  A)  to 
the  momentum-space  Whiteman  function 


Discos  >  m2,  A)  =  <0|T'“'(-p)T“'s(p)|0)j)=(vi5) , 


(26) 


where  on  the  r.h.s.  we  kept  only  the  one  ordering  that  is  nonzero  for  the  physical  momentum 
p°  >  0.  The  sum-rule  (and  also  the  fact  that  the  opposite  ordering  is  zero)  follow  from 
insertion  of  a  complete  set  of  QFT  states  between  the  two  operators 


d3pn 

(2vr)32  En 


K  l,  m,  pn)  (n,  /,  m,  pn 

l,m 


(27) 


where  l pm  parametrize  the  spin,  and  pn  the  total  3- momentum.  The  rest-mass  Mn  and 
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In 


,l)(n,l\ 


Figure  4:  The  discontinuity  of  graviton  pseudo-amplitude  can  be  calculated  by  insertion  of  a 
complete  set  of  QFT  states.  Only  states  with  total  angular  momentum  l  =  0,2  have  a  nonzero 
matrix  element. 


other  quantum  numbers  are  implicit  in  n.  Only  QFT  states  with  angular  momentum  /  =  0 
and  l  =  2  can  have  nonzero  matrix  elements  with  the  “off-shell  graviton” .  Introducing  the 
notation 

I U(p)>  =  J dSe^T^(x) |0),  (28) 

for  l  =  0  we  write 

(T\(p)\n,  0 ,pn)  =  -^=ani0Tr[£(A)](27r)4h4(^  -  pQ  (29) 

where  p°n  =  \/\pn\2  +  and  for  l  =  2 


(Tx(p)\n,2,m,pn)  =  ani2Tr[e(A)  •  £(2’m)](2vr)4<54(p£;  -  pp 


(30) 


Using  the  completeness  relation  for  polarization  vectors  (for  l  —  2  in  particular) 


E/iv  a(3 
£(2,m)£(2,m) 
m 


p. 


Iiuafi 


and  comparing  with  (23)  gives 


Ci?2 


_  ,UV  ,  \an,0\ 

-  R2  24M„6 

n,l=0  n 


CW2  — CW2  +  ^ 


n,l=2 


\Otn,2V 

4M6 

n 


(31) 


(32) 
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where  we  denoted  the  contour  integral  at  ,s  =  A2  by  the  superscript  UV,  preserving  cr 2,  cw2 
for  the  IR  parameters.  This  positivity  of  the  running  of  cr 2  and  Cw2  toward  IR  is  an  old 
result  [43].  As  discussed  above,  we  assume  the  UV  amplitude  becomes  independent  of  m 
once  m  <C  A.  Hence  cuv  are  expected  to  be  at  most  of  order  N  as  estimated  in  (13). 

A  potential  subtlety  is  that  the  stress-energy  tensor  T^u  appearing  in  the  above  formulas 
is  the  QFT  operator  that  is  sourced  by  h^.  Hence  its  correlation  functions  depend  on  the 
non-minimal  coupling  to  the  curvature  invariants.  As  seen,  these  comprise  not  only  local 
terms  added  in  the  UV  to  S/fr^Q,  which  have  no  effect  on  the  DisaA,  but  also  coupling 
to  local  QFT  operators  which  do  have  an  effect.  Most  of  these  are  also  irrelevant  couplings 
whose  contribution  to  the  dispersion  relation  is  comparable  to  c^3. 

The  exceptions  to  this  rule  are  the  relevant /marginal  deformations  (14).  In  particular, 
their  presence  would  lead  to  a  non-vanishing  DiscM  for  the  trace  of  stress-energy  tensor  even 
in  the  conformal  range  m  <C  -U  <C  A.  A  familiar  example  is  a  minimally  coupled  scalar  held. 
As  discussed  below  (14)  this  theory  can  be  thought  of  as  a  conformally  coupled  scalar  held 
plus  5r[£02],  with  £  =  1/12.  This  would  imply  a  parametrically  large  IR  coefficients  cr 2: 

Cr2  =  ^Ns  log  -  +  0(N),  (33) 

47tz  m 

where  Ns  is  the  number  of  free  minimally  coupled  scalar  helds  gapped  at  m.  Hence  depending 
on  the  composition  of  the  UV  CFT  and  the  relevant /marginal  deformations  (14),  the  low- 
energy  coefficient  Cr 2  may  or  may  not  be  unambiguously  determined. 

2.5  Conformal  Anomaly  and  Black  Hole  Extremality  Bound 

Luckily  the  extremality  condition  Qext/M  depends  on  the  combination  C2  +  4c3  (c.f.  (3)) 
which  is  independent  of  both  Cgb  and  Cr 2.  The  relations  (22)  imply 

C2  +  4c3  =  2c^2.  (34) 

The  deformations  (14)  have  no  effect  on  the  Ah->h.(s,  l  —  2)  and  hence  up  to  a  parametrically 
small  UV  ambiguity  and  a  parametrically  small  contribution  from  the  RG  at  E  ~  m,  the 
IR  value  of  cw2  is  universally  hxed  in  terms  of  the  CFT  central  charge  C  as  follows. 

First  we  relate  the  discontinuity  of  the  stress  tensor  2-point  function  to  the  C  anomaly, 
as  pointed  out  in  (8).  Consider  the  CFT  2-point  correlation  function  of  the  stress  tensor 
in  momentum  space  and  with  a  normalized  traceless  polarization  Tr[e/Ai  •  =  1.  By 

dimension  counting 

A^I(S,/  =  2)  =  ,2/(S/A2).  (35) 
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The  discontinuity  of  the  function  /  is  an  intrinsic  data  of  the  CFT  (see  [42,  40]  for  other 
applications  of  the  same  idea).  It  can  be  determined  by  performing  an  infinitesimal  rigid 
rescaling  with  parameter  e.  The  change  in  the  CFT  effective  action  is 

SSeS[g^\  =  e  J  dAx^[CW^W^  +  AC  gb]  (36) 

where  C  and  A  are  the  anomaly  coefficients.  The  Gauss-Bonnet  term  is  a  total  derivative 
and  does  not  contribute  to  the  momentum  space  amplitudes,  while  the  C'-anomaly  term 
gives  (c.f.  (23)) 


0. 1  =  2)  =  eG,2  =  6(4  -  2 sds)AZl(s,  l  =  2)  (37) 

where  in  the  last  step  we  wrote  the  rescaling  operator.  This  fixes 

/(s/A2)  =  -^CTog(-s/A2),  (38) 

up  to  analytic  terms.  Substituting  the  discontinuity  in  (21)  gives 

C\y2  =  C  log — ,  (39) 

m 

with  parametrically  small  corrections.  We  conclude 

cext  —  2Clog - K  Contribution  from  RF 2  and  F4.  (40) 

m 

3  Including  Euler-Heisenberg  Interactions 

We  are  assuming  that  there  are  electromagnetically  charged  states  in  the  QFT.  They  lead 
to  the  running  of  the  coefficients  of  the  Euler-Heisenberg  interactions,  those  schematically 
of  the  form  RF 2  and  F 4.  The  goal  here  is  to  quantify  this  running.  We  will  start  in 
section  3.1  by  discussing  the  fate  of  U(1)em  in  the  UV.  In  section  3.2  we  introduce  the 
pseudo-amplitudes  for  on-shell  photons  as  quantities  that  are  well-defined  regardless  of  the 
fate  of  U(1)em-  In  section  3.3  dispersion  relations  are  derived.  In  addition  to  the  2-point 
amplitude  Ah^h.,  the  “decay”  amplitude  Ah^-aa,  its  time-reversal  Aaa-^h  and  the  photon- 
photon  forward  amplitude  Aaa—>aa  are  studied.  In  section  3.4  optical  theorem  is  used  to 
derive  sum-rules  for  {c4,  •  •  •  ,  Cs}.  Finally  in  section  3.5  the  sum-rules  are  combined  to  prove 
the  positivity  of  cext. 
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3.1  U(1)em 


It  is  useful  to  introduce  the  dimensionfull  photon  field  B M  as  the  source  for  the  conserved 
U(1)em  current  of  the  QFT.  At  low  energies  electromagnetism  is  weak  and  can  be 
treated,  just  like  g rM„,  as  an  auxiliary  field.  Its  dimension  is  ~  1,  since  it  sources  a  conserved 
current  which  has  dimension  3.  The  lowest  order  gauge-invariant  action  we  can  write  for  B^ 

is 

^Maxwell  =  ~  j  (41) 

where  =  d^Bu  —  duB 'M  is  the  field  strength.  The  IR  value  of  the  coupling  g  determines 
the  normalization  of  the  dimensionless  A M  field  in  (1) 

Bfj,  =  gMp\A M.  (42) 


A  QFT  state  that  transforms  under  an  integer  q  representation  of  U(  1),  couples  to  A M  with 
strength  qgMp\.  This  is  the  electric  charge  of  the  state  in  Planck  unites.  The  assumption 
(ii)  is  that  such  states  exist  in  the  QFT. 

The  next-to-leading  terms  are  the  4-derivative  Euler- Heisenberg  interactions.  These  are 
irrelevant  operators, 

[RBU  =  6,  «]  =  8.  (43) 


If  one  could  assume  that  the  weakly  gauged  U(1)em  exists  all  the  way  to  E  ~  A,  the  rest 
of  the  analysis  would  closely  parallel  that  of  the  last  section.  The  irrelevant  operators  could 
be  added  to  the  UV  CFT  but  with  appropriate  suppression.  For  instance,  assuming  that 
there  are  O(N)  charged  degrees  of  freedom  in  the  QFT  and  also  that  U(1)em  emerges  (as 
discussed  in  [24,  25])  at  E  ~  A,  we  have  1  / gfjV  ~  MpJ A2  ~  N.  Then  it  would  be  natural 
to  add 


(£v^n2, 


(44) 


which  after  normalizing  gives 


. uv 
c7  ~ 


g4M, 


pi 


92uv  A4 


N 


9 


9uv ' 


(45) 


This  would  be  parametrically  smaller  than  the  contribution  of  the  sum-rules  to  the  IR  values. 

However  having  electromagnetism  weakly  coupled  throughout  the  whole  range  of  scales 
is  not  the  most  generic  scenario  to  consider.  The  U(1)em  might  be  emergent  at  low  energies. 
For  instance  it  could  combine  into  a  bigger  gauge  group  within  QFT,  as  in  the  Standard 
Model.  In  this  case  it  is  inconsistent  to  treat  photons  as  external  sources  all  the  way  to  the 
UV.  A  priori,  they  have  to  be  included  in  the  unitarity  sums,  and  as  internal  states. 
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k\  ,ei 


k2:e2  ki,e1 


Figure  5:  The  pseudo-amplitude  for  an  off-shell  graviton  decaying  into  two  on-shell  photons  (plus 
its  time-reversal)  and  forward  2-to-2  amplitude  for  photons  are  used  to  derive  sum-rules  for  the 
coefficients  of  RF 2  and  F 4  interactions. 


3.2  Photon  and  Graviton  pseudo-amplitudes 


Whether  or  not  a  weakly  coupled  photon  held  exists  at  all  scales,  the  on-shell  photon  ampli¬ 
tudes  are  well-defined  at  all  energies  since  photons  are  the  asymptotic  states.  In  a  Lorentz 
invariant  theory  the  scattering  states  made  of  well-separated  highly  boosted  photons  is  con¬ 
structed  within  the  low-energy  effective  theory.  We  will  therefore  write  dispersion  relations 
that  involve  on-shell  photons.  Because  gravitons  are  always  treated  as  external  sources,  all 
momentum-space  amplitudes  discussed  here  are  “pseudo-amplitudes” ,  though  for  brevity  we 
often  drop  the  prefix. 

Amplitudes  with  on-shell  photons  are  related  via  LSZ  reduction  to  the  time-ordered 
products  of  the  U(1)em  current  (see  e.g.  [41]).  Hence  we  will  be  dealing  with  time- 
ordered  correlation  functions  that  include  in  addition  to  T MI/.2 

In  particular,  in  addition  to  the  2-point  graviton  amplitude  at  off-shell  momentum  p ^  = 
(y/s,  0)  here  we  will  be  using  the  following  amplitudes:  (a)  The  decay  of  the  same  off-shell 
graviton  into  two  on-shell  photons  (i.e.  with  kf  =  k2  =  0  and  transverse  polarizations  e)4 
and  e2)  plus  its  time-reversal,  and  (b)  the  2-to-2  amplitude  of  on-shell  photons  (see  figure 
5).  The  latter  is  a  true  scattering  amplitude  of  the  QFT  if  gravity  is  fully  decoupled. 


2If  photons  were  treated  as  external  sources  for  the  QFT,  then  every  non-coincident  insertion  of  the 
current  operator  in  a  time-ordered  correlation  function  would  be  given  by  an  extra  derivative  of  the  QFT 
generating  functional  for  and  T ^  with  respect  to  A 


(T[-  •  •  J^ix)]) 


—i 


gMpi  5A^(x 


-  cSttf 


(46) 


A^—0 ,g^=Vitv. 


Transforming  to  the  momentum  space  and  contracting  by  polarization  vectors  gives  amputated  momen¬ 
tum  space  amplitudes  with  only  external  photons  and  gravitons.  As  discussed  above,  while  this  is  a  good 
approximation  in  the  infra-red,  it  is  not  necessarily  justified  at  higher  energies. 
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These  amplitudes  are  given  by 


Ah-+h(s,  A)  =-e%ef  J  d4xeip *  (T[Tm,(z)Tq/3(0)]) , 

n2M2  ■  r 

Ah^AA(s,  A,  eu  e2)  = - eie2  J  d4xd4yeip'x~lkl'v  (T[Tlll,(x)Ja(y)Jp(Q)]) , 

•AAa-+aa{s,  t,  { €i })  =  -  ig^M^e^el 

I  dAxd4ydAzeik'  x+ik*  y+ik*-z  (T[Jtl(x)Ju(y)Ja(z)Jp(Q)]) , 

where  the  Mandelstam  invariates  for  the  2-to-2  process  are  defined  as 

s  =  —(hi  +  k2)2  =  -p2,  t  =  —{ki  +  /c3)2,  u  =  — {k\  +  /c4)2. 


(47) 


(48) 


We  are  interested  in  the  forward  limit:  k$  =  —k\  (equivalently  t  =  0),  e%  =  ei,  and  e 4  =  e2- 
However,  before  moving  on  to  the  derivation  of  dispersion  relations,  we  will  discuss  a  few 
potential  subtleties. 

Firstly  we  expect  no  IR  singularities  despite  having  massless  photons.  This  is  essentially 
because  all  other  QFT  degrees  of  freedom  are  gapped  and  the  effective  theory  of  photons  is 
infra-red  free.  One  could  still  worry  about  potential  singularity  of  the  forward  limit  t  — >•  0  at 
fixed  s.  Generally  this  could  arise  from  the  t-channel  exchange  of  almost  on-shell  massless 
particles.  Therefore  in  our  case  the  amplitude  for  this  process  would  factorize  into  two  on- 
shell  amplitudes  A13J  f°r  the  photons  1  and  3  going  into  the  f-charmel  exchanged  photons 
and  A24.1  for  the  same  /-channel  exchanged  photons  going  to  photons  2  and  4.  But  since 
in  the  t  — »  0  limit  there  is  no  nonzero  invariant  momentum  in  A\3$  and  .4.24,*,  gauge  and 
Lorentz  invariance  would  force  them  to  vanish. 

The  amplitudes  have  to  be  sufficiently  well-behaved  also  in  the  UV  for  the  dispersion 
relations  to  be  useful  in  determining  the  IR  coefficients.  In  particular,  apart  from  the  analytic 
terms  that  come  from  local  counter-terms  and  hence  are  assumed  to  be  suppressed  by  powers 
of  A,  we  need  the  forward  amplitude  to  grow  slower  than  s 2  at  large  s.  Namely  the  Regge 
intercept  must  be  Iq  <  2.  We  do  not  have  a  general  proof  for  this,  although  it  does  seem 
to  be  plausible  based  on  the  argument  given  in  the  appendix.  Ultimately,  this  has  to  be 
regarded  as  a  technical  assumption  for  the  final  positivity  bound  on  cext  to  hold. 

Another  potential  subtlety  comes  from  the  field  redefinitions.  Generically  pseudo-amplitudes 
are  not  invariant  under  field  redefinitions.  However  in  our  setup  the  ambiguities  either  vanish 
or  they  are  parametrically  suppressed.  One  class  of  field  redefinitions  correspond  to  adding 
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nonlinear  terms  with  more  powers  of  h M1/,  as  for  instance  is  the  case  in  the  relation  between 
and  A In  our  case  this  would  naively  affect  Ah^aa,  when  inserted  in  the  Maxwell  term, 
since  it  generates  some  cubic  terms.  However  these  cubic  terms  vanish  because  photons  are 
on-shell. 

One  could  also  consider  metric  held  redefinitions  which  necessarily  involve  derivatives  or 
more  B M  fields  and  hence  they  introduce  irrelevant  non-minimal  couplings  in  the  UV  CFT, 


e.g. 


9 n"  9nv  + 


[I 


(49) 


Choosing  fi  ~  A  ensures  that  the  ambiguity  they  introduce  in  cext  is  parametrically  sup¬ 
pressed. 


3.3  Dispersion  Relations 

The  combination  Ah-^aa  +  Aaa-^u  and  the  forward  amplitude  Aaa-^aa\i=q  are  analytic 
functions  of  s  except  for  discontinuities  along  the  real  line.  Once  massless  photons  are  treated 
as  dynamical  the  discontinuity  extends  all  the  way  to  s  —  0.  However,  we  are  working  under 
the  assumption  that  the  number  of  QFT  degrees  of  freedom  is  large  and  electromagnetism 
is  weak  at  low-energies  E  ~  m.  Hence  it  is  justified  to  neglect  loops  of  photons  below  the 
gap  m,  and  for  convenience  we  will  do  so.  Then  the  discontinuity  of  the  decay  amplitude  is 
along  s  >  m2.  The  discontinuity  of  the  forward  amplitude  is  along  s  >  m 2  and  s  <  —m2 
where  physical  states  are  exchanged  respectively  in  the  .s-charmel,  and  the  u-charmel. 

The  higher  derivative  operators  in  (1)  determine  the  coefficient  of  0(s2)  terms  in  the 
Taylor  expansion  of  the  amplitudes  around  s  =  0.  These  are  extracted  by  a  twice  subtracted 
dispersion  relation 

r  rl  q  f  ^  (j  c 

inA"(s  =  0)=(b  —  A(s)+1  — DiscM(s),  (50) 

^|s|=A2  '<,J  Jm2  & 

where  A  can  be  Ah^-h,  Ah-^AA  +  Aaa^,  or  AAA^AA\t=o-  7  =  1  except  for  the  photon  2-to-2 
amplitude  where  one  can  use  crossing  relation  s  O  u  to  conclude  7  =  2  (see  figure  6). 

The  choices  for  the  graviton  polarization  tensor  are  the  same  as  in  the  previous  section, 
spatial  symmetric  tensors  decomposed  into  one  1  =  0,  and  five  polarizations  of  l  =  2. 
The  photon  polarizations  are  chosen  to  be  real,  space-like  and  transverse.  There  are  two 
independent  configurations:  when  e±  and  e 2  are  parallel  and  when  they  are  perpendicular. 
Working  in  the  basis  (9),  which  is  related  to  (1)  via 

1_ 

c7  —  Cp4  —  -  cp4,  c8  —  cp  4,  (51) 


18 


Figure  6:  The  complex  s  plane  contour  for  Aaa-^aa  dispersion  relation.  Since  the  loops  of  photons 
are  neglected  at  low  energies  the  amplitude  is  analytic  for  |s|  <  m2.  The  s-channel  discontinuity 
along  positive  s  and  the  u-channel  discontinuity  along  negative  s  axis  are  related  by  crossing. 


each  of  the  two  configurations  in  Aaa-aaa  singles  out  one  of  the  two  terms: 

A!'aa-^aa\s=o  —  32ci?4(ei  •  e2)2  +  8cpi(e\e\  —  (ei  •  e2)2),  (52) 


where  prime  denotes  derivative  with  respect  to  s  at  constant  t  —  0.  Finally  the  second 
derivative  of  the  decay  amplitude  is  given  in  terms  of  the  basis 


Ei  =  (ei  •  e2)Tr[e(A)],  E2  =  (fa 

•  £(a)  •  fa)ei  ■  e2, 

E3  —  ei  •  £(A)  •  e2, 

(53) 

by 

A->US= o  =  f  — 4c4  —  —  C5 

-j^ 

|  Ei  +  2C5-^2  "t"  ( 

c5  —  2c6)  E3, 

(54) 

with  an  identical  expression  for  A"AA^h\s= o- 

3.4  Optical  Theorem  and  the  Sum-Rules 

The  discontinuities  of  the  amplitudes  along  the  real  s  axis  are  obtained  from  the  identity  (25). 
They  are  given  in  terms  of  the  Whiteman  functions  with  a  flow  of  time-like  4-momentum 
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Figure  7:  The  discontinuities  of  the  decay  amplitude  and  the  forward  amplitude  can  be  related  to 
the  matrix  elements  of  the  QFT  states  with  the  stress  tensor  and  the  two  on-shell  photons.  While 
only  l  =  0,2  states  contribute  to  the  cut  of  the  decay  amplitude,  the  discontinuity  of  the  forward 
2-to-2  amplitude  gets  contribution  from  intermediate  states  with  all  angular  momenta. 


with  positive  energy  from  right  to  left: 


Discs>m2  (Ah^AA  +  AAA-^h)  =2  {Jel{ki)Je2{k2)\Tx(p))  ~  C.C. 

DiWs>m2 i  (<7ei(^'l)<^e2(^2)|'7ei(^h)'^e2(^2))  > 
where  the  “off-shell  graviton”  j T\(p))  was  defined  in  (28),  and  the  2-photon  state  is 


(55) 


I JeAkJJM)  =  eSev2  /  d4x1d4x2eifcl-a!l+ifca-ieaT[J#t(a;1)JI/(a;2)]|0). 


(56) 


We  insert  a  complete  set  of  QFT  states,  as  in  (27),  in  the  above  expressions  for  the 
discontinuities,  see  figure  7.  In  contrast  to  the  single  graviton,  the  2-photon  state  is  allowed 
by  angular  momentum  conservation  to  have  a  nonzero  matrix  element  with  intermediate 
states  of  any  angular  momentum  l.  It  will  soon  become  clear  that  the  contribution  of  all 
l  ^  0,2  states  to  cext  will  be  trivially  non-negative.  As  for  the  /  =  0  and  l  =  2  QFT  states 
we  parametrize  their  matrix  elements  as 

(Jei(ki)Je2(k2)\n,0,pn)  =  -^=/3n>0(ei  •  e2)(2vr )4<54(p((  -pQ  (57) 

and 

(Jei{ki)Je2(k2)\n,2,m,pn)  =  [/3n,2(ei  ■  £%m)  •  e2)  +^,2(^1 ' £M  ■  k2)(ei  ■  e2)}(2n)4S4(p^  -p?). 

(58) 
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Substituting  (29), (30), (57)  and  (58)  in  the  dispersion  relations  (50),  summing  over  polar¬ 
izations,  and  using  their  completeness  relation  (31),  and  comparing  with  the  explicit  IR 
behavior  of  the  amplitudes  (52)  and  (54),  we  obtain 


0-  an, oPn,0  an,2(Pn,2  4/% ,2) 

2!<=4  =  -  E  +  E  - 

n,l=0  n  n,l=2 


12  M/ 


—  c.c., 


2ic5  ^  ^ 


2<,A' 


n,l= 2 


n,  2/-"n,2 

iff6 


—  C.C., 


Q.  an,2(2(3'n2  +  Aig) 

2m6  =  —  - C.C. 


n,l=2 


2  Af6 


(59) 


and 


Cp4  — 


E 


1/3: 


n,0| 


24M„6 

n,l=0  n  n,l= 2 


2l/?n,2|2  +  fln,2f3n)2  +  Pn,2^n,2  +  2 1 12 

/  v  O  /I  71  /Tfi  ' 


24M? 


Cpi  — 


E 

n,l= 2 


1/3: 


(60) 


ra,2 


4M? 


+ 


where  dots  include  non-negative  contribution  from  l  ^  0,2  states.  Note  that  we  have  ne¬ 
glected  the  UV  coefficients. 


3.5  Truncating  the  Sums  and  Deriving  the  Bound 

We  have  already  seen  that  the  sum- rule  for  C2  +  4C3  is  supported  for  the  full  range  m  <  Mn  < 
A,  resulting  in  the  logarithmically  enhanced  result  2(71og(A/m).  On  the  other  hand  the 
coefficients  of  RF2  and  F 4  terms  are  infra-red  dominated,  scaling  respectively  as  1/m2  and 
1/m4  as  can  be  seen  from  (43).  Hence  we  can  cut  off  the  sums  at  some  A'  with  rn  <C  A'  <  A 
but  log(A ' /m)  ~  1.  The  corrections  are  suppressed  by  powers  of  rn/A'  <C  1. 

With  this  truncation  the  particular  combination  C5  +  c§  that  enters  cex t  can  be  approxi¬ 
mated  and  then  bounded  as 


|c5  +  c6|  ~ 


< 


Mn<  A' 

E 

n,l= 2 


^n,2(2/5n^  Ai,  2) 

4 


c.c. 


\ 


|^n,2 1 


Mn<A' 

22  AM/ 

11,1=2  n 


\ 


(61) 


|2/3;,2  -  /3„,2| 


Mn<A' 

22  M,6 

n,l=2  n 
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where  we  used  the  Cauchy-Schwartz  inequality.  The  argument  of  the  first  sqare-root  is  the 
same  as  the  sum  (32)  for  the  coefficient  C\y2,  but  cut  off  at  A'.  Hence  the  sum  inside  the 
square  root  is  ~  CTog(A'/m)  <C  CTog(A/m).  The  second  square-root  can  be  compared  to 
the  FA  contribution  to  cext,  which  is  4c7  +  2c8  =  4cp4.  The  contribution  of  a  single  l  =  2 
state  to  cp 4  sum-rule  (60)  can  be  written  as 

3|2/3(j  2  _  Pn,2  |2  +  \4/3'n  2  +  5/3nj2|2  (  ^ 

- 336 K - '  (62) 

Since  all  other  contributions  are  non-negative,  we  can  bound  the  second  square-root  in  (61) 
by  \/112cp4  (recall  that  cF 4  >  0).  Therefore  we  obtain  the  bound 


cext  >  2Clog - JlYlcp^C  log(A'/m)  +  4cp4  >  0 

m 


as  long  as  log(A/m)  S>  log(A'/m)  =  0(1).  This  completes  the  proof. 


4  Conclusions 

It  is  natural  to  assume  that  there  is  a  QFT  description  with  a  large  number  of  degrees  of 
freedom  and  over  an  exponentially  large  range  of  scales  below  the  quantum  gravity  scale  A, 
and  to  assume  that  the  QFT  has  a  non-trivial  U{1)em  at  low  energies.  We  showed  that  in 
such  a  theory  the  leading  high-derivative  corrections  to  the  Einstein-Maxwell  theory  are  such 
that  the  charge-to-mass  ratio  of  maximally  charged  black  holes  approaches  1  from  above. 
Hence  small  maximally  charged  black  holes  are  super-extremal  with  respect  to  the  bigger 
black  holes  and  provide  them  with  a  decay  channel. 

This  decay  channel,  even  though  fulfilling  the  original  motivation  of  the  WGC,  is  perhaps 
the  least  interesting  version  of  the  conjecture  to  prove.  WGC  is  usually  envisaged  as  a 
constraint  from  quantum  gravity  on  the  effective  held  theory.  Instead  here  it  has  turned  out 
to  be  a  consequence  of  the  axioms  of  relativistic  QFT.  An  optimistic  point  of  view  would 
perhaps  be  to  interpret  the  result  as  a  hint  that  super-extremal  states  might  continue  to  exist 
below  the  Planck  scale.  For  instance  this  would  be  a  realization  of  the  sublattice  version  of 
WGC  [17]  at  the  macroscopic  level. 

However  there  is  a  reason  to  believe  that  even  this  weakest  version  of  the  WGC  goes 
beyond  QFT  unitarity  and  causality.  Curiously,  our  derivation  has  no  clear  generalization 
to  higher  dimensions  even  though  WGC  itself  and  the  question  about  the  effect  of  the 
higher  derivative  operators  on  Qext/M  both  can  be  formulated  in  any  number  of  spacetime 
dimensions  [32],  In  d  >  4  the  coefficients  of  the  curvature-squared  operators  become  UV 
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sensitive  quantities,  about  which  one  can  hardly  make  a  field  theoretic  statement.  It  is 
worthwhile  looking  more  closely  for  field  theoretic  arguments  in  other  dimensions,  to  better 
learn  what  there  is  to  learn  from  gravity. 
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Appendix.  The  Regge  intercept 

The  required  UV  behavior  of  the  forward  amplitude,  namely  that  it  grows  slower  than  s 2  at 
large  s,  would  be  a  consequence  of  the  Froissart  bound  [44]  if  the  QFT  was  fully  gapped. 
The  bound  follows  from  the  exponential  fall-off,  as  a  function  of  the  impact  parameter, 
of  interactions  mediated  by  massive  particles.  This  leads  to  an  exponential  suppression  of 
partial  waves  with  l  >  /max  3>  \fs/m ,  and  implies  that  the  forward  amplitude  grows  at  most 
as  /^ax  oc  s  up  to  logarithms. 

For  exchange  of  massless  photons  in  the  t-channel  there  is  no  exponential  suppression 
(recall  that  gravitons  are  only  external  in  our  argument).  Formally,  they  lead  to  a  £- channel 
cut  that  runs  all  the  way  to  t  —  0.  On  the  other  hand  this  lower  end  of  the  cut  is  the 
relevant  contribution  to  the  scattering  at  large  impact  parameters.  To  illustrate  the  idea  let 
us  neglect  photon  polarizations  and  consider  the  amplitude  in  the  impact  parameter  space 
for  massless  scalars.  (Including  external  polarizations  leads  to  a  finite  number  of  derivatives 
with  respect  to  the  impact  parameter  but  doesn’t  change  the  s  dependence.)  This  is  defined 
as  a  Fourier  transform  of  the  momentum  space  amplitude: 

A(s,b)  =  J  d*-2qe*$A(s,t)  (64) 

where  b  is  the  impact  parameter  and  q  the  momentum  transfer,  t  =  —  |g|2.  By  a  contour 
deformation  this  amplitude  can  be  related  to  a  sum  over  t-channel  discontinuities  [45].  These 
discontinuities  factorize  into  the  product  of  the  on-shell  amplitudes  A\^t  and  .4.24, t,  which 
were  encountered  above  in  section  3.2.  The  contribution  of  discontinuities  at  t  >  m 2  is  ex¬ 
ponentially  small  for  b  3>  1/m.  This  explains  why  the  large-6  amplitude  effectively  captures 
the  lower  end  of  the  t-channel  cut. 

Furthermore,  causality  constrains  the  amplitude  at  fixed  b  to  grow  slower  than  s 2  [45]. 
The  bound  is  saturated  in  Einstein  gravity  where  the  amplitude  grows  as  s2 .  In  our  QFT 
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(when  gravity  is  decoupled)  we  expect 


j  r°°  _ 

lim  — —  /  dd~2bA(s,  b)  —  0,  e  >  0  (65) 

s^oo  s;+6  Jb=1/m 

since  the  integral  is  convergent  in  the  upper  limit  b  — y  oo  due  to  the  good  IR  behavior  of  the 
effective  theory  of  photons.  Namely  the  fact,  encountered  in  section  3.2,  that  Aiz,t  and  Au.t 
for  any  number  of  /-channel  exchange  photons  vanish  in  the  t  — >■  0  limit.  Assuming  that  the 
QFT  amplitude  grows  strictly  slower  than  s2,  i.e.  e  can  be  set  to  0  in  the  above  formula, 
we  can  give  a  Froissart-type  argument  to  show  the  desired  UV  behavior.  Projecting  onto 
partial  waves 

1  f1  f°°  -  c 

ai(s)  =  —  /  dxPiix)  /  dd~2b  e~tqbA(s,b),  t—-{x—  1),  (66) 

^  J- i  Jo  2 

we  see  that  the  large  l  partial  waves  are  suppressed  as  ( yfsb )l  in  the  lower  end  of  the  b  integral. 
Hence  assuming  power-law  behavior  of  the  amplitude  at  large  s  there  is  some  L  ^  log  s 
such  that  for  /  >  L  we  can  approximate  the  b  integral  by  putting  a  lower  cutoff  femin  =  1/m. 

As  in  the  derivation  of  the  Froissart  bound,  we  can  bound  the  forward  amplitude  by 
assuming  that  for  all  l  <  L  the  partial  waves  obtain  their  maximal  value  allowed  by  unitarity: 


|.4M)|<^X>  + 1)^(1)!  + 


7 r 


1=0 


l=L+ 1 


(67) 


7 r 


<-LA  + 


l/m 

2 


dd-2bA(s,  b) 


The  first  term  grows  with  s  as  L2  oc  s  log^  s,  and  the  second  slower  than  s 2 . 


References 

[1]  N.  Arkani-Hamed,  L.  Motl,  A.  Nicolis,  and  C.  Vafa,  “The  String  landscape,  black 
holes  and  gravity  as  the  weakest  force,”  JHEP  06  (2007)  060,  arXiv:hep-th/0601001 
[hep-th] . 

[2]  J.  Polchinski,  “Monopoles,  duality,  and  string  theory,”  Int.  J.  Mod.  Phys.  A19S1 
(2004)  145-156,  arXiv:hep-th/0304042  [hep-th],  [,145(2003)]. 

[3]  C.  Vafa,  “The  String  landscape  and  the  swampland,”  arXiv:hep-th/0509212 
[hep-th] . 


24 


[4]  H.  Ooguri  and  C.  Vafa,  “On  the  Geometry  of  the  String  Landscape  and  the 
Swampland,”  Nucl.  Phys.  B766  (2007)  21-33,  arXiv:hep-th/0605264  [hep-th] . 

[5]  T.  Banks  and  N.  Seiberg,  “Symmetries  and  Strings  in  Field  Theory  and  Gravity,” 
Phys.  Rev.  D83  (2011)  084019,  arXiv :  1011 . 5120  [hep-th], 

[6]  A.  de  la  Fuente,  P.  Saraswat,  and  R.  Sundrum,  “Natural  Inflation  and  Quantum 
Gravity,”  Phys.  Rev.  Lett.  114  no.  15,  (2015)  151303,  arXiv :  1412 . 3457  [hep-th], 

[7]  D.  Junghans,  “Large-Field  Inflation  with  Multiple  Axions  and  the  Weak  Gravity 
Conjecture,”  JHEP  02  (2016)  128,  arXiv :  1504 . 03566  [hep-th], 

[8]  J.  Brown,  W.  Cottrell,  G.  Shiu,  and  P.  Soler,  “Fencing  in  the  Swampland:  Quantum 
Gravity  Constraints  on  Large  Field  Inflation,”  JHEP  10  (2015)  023, 

arXiv: 1503 . 04783  [hep-th], 

[9]  M.  Montero,  A.  M.  Uranga,  and  I.  Valenzuela,  “Transplanckian  axions!?,”  JHEP  08 
(2015)  032,  arXiv: 1503.03886  [hep-th], 

[10]  A.  Hebecker,  P.  Mangat,  F.  Rompineve,  and  L.  T.  Witkowski,  “Winding  out  of  the 
Swamp:  Evading  the  Weak  Gravity  Conjecture  with  F-term  Winding  Inflation?,” 
Phys.  Lett.  B748  (2015)  455-462,  arXiv :  1503 . 07912  [hep-th], 

[11]  T.  C.  Bachlechner,  C.  Long,  and  L.  McAllister,  “Planckian  Axions  and  the  Weak 
Gravity  Conjecture,”  JHEP  01  (2016)  091,  arXiv :  1503 . 07853  [hep-th], 

[12]  B.  Heidenreich,  M.  Reece,  and  T.  Rudelius,  “Weak  Gravity  Strongly  Constrains 
Large-Field  Axion  Inflation,”  JHEP  12  (2015)  108,  arXiv :  1506 . 03447  [hep-th], 

[13]  A.  Hebecker,  F.  Rompineve,  and  A.  Westphal,  “Axion  Monodromy  and  the  Weak 
Gravity  Conjecture,”  JHEP  04  (2016)  157,  arXiv :  1512 . 03768  [hep-th], 

[14]  C.  Cheung  and  G.  N.  Remmen,  “Naturalness  and  the  Weak  Gravity  Conjecture,” 
Phys.  Rev.  Lett.  113  (2014)  051601,  arXiv :  1402 . 2287  [hep-ph] . 

[15]  D.  Lust  and  E.  Palti,  “Scalar  Fields,  Hierarchical  UV/IR  Mixing  and  The  Weak 
Gravity  Conjecture,”  JHEP  02  (2018)  040,  arXiv :  1709 . 01790  [hep-th], 

[16]  N.  Craig,  I.  Garcia  Garcia,  and  S.  Koren,  “The  Weak  Scale  from  Weak  Gravity,” 

arXiv: 1904.08426  [hep-ph], 

[17]  B.  Heidenreich,  M.  Reece,  and  T.  Rudelius,  “Evidence  for  a  sublattice  weak  gravity 
conjecture,”  JHEP  08  (2017)  025,  arXiv:  1606 . 08437  [hep-th]. 


25 


[18]  B.  Heidenreich,  M.  Reece,  and  T.  Rudelius,  “Sharpening  the  Weak  Gravity  Conjecture 
with  Dimensional  Reduction,”  JHEP  02  (2016)  140,  arXiv:  1509 . 06374  [hep-th] . 

[19]  E.  Palti,  “The  Weak  Gravity  Conjecture  and  Scalar  Fields,”  JHEP  08  (2017)  034, 

arXiv: 1705 . 04328  [hep-th], 

[20]  T.  Crisford,  G.  T.  Horowitz,  and  J.  E.  Santos,  “Testing  the  Weak  Gravity  -  Cosmic 
Censorship  Connection,”  Phys.  Rev.  D97  no.  6,  (2018)  066005,  arXiv:  1709 . 07880 
[hep-th] . 

[21]  G.  T.  Horowitz  and  J.  E.  Santos,  “Further  evidence  for  the  weak  gravity  -  cosmic 
censorship  connection,”  arXiv :  1901 . 11096  [hep-th], 

[22]  B.  Heidenreich,  M.  Reece,  and  T.  Rudelius,  “Emergence  of  Weak  Coupling  at  Large 
Distance  in  Quantum  Gravity,”  Phys.  Rev.  Lett.  121  no.  5,  (2018)  051601, 

arXiv: 1802 . 08698  [hep-th], 

[23]  D.  Klaewer  and  E.  Palti,  “Super-Planckian  Spatial  Field  Variations  and  Quantum 
Gravity,”  JHEP  01  (2017)  088,  arXiv :  1610 . 00010  [hep-th], 

[24]  D.  Harlow,  “Wormholes,  Emergent  Gauge  Fields,  and  the  Weak  Gravity  Conjecture,” 
JHEP  01  (2016)  122,  arXiv :  1510 . 07911  [hep-th], 

[25]  B.  Heidenreich,  M.  Reece,  and  T.  Rudelius,  “The  Weak  Gravity  Conjecture  and 
Emergence  from  an  Ultraviolet  Cutoff,”  Eur.  Phys.  J.  C78  no.  4,  (2018)  337, 

arXiv: 1712 . 01868  [hep-th], 

[26]  N.  Benjamin,  E.  Dyer,  A.  L.  Fitzpatrick,  and  S.  Kachru,  “Universal  Bounds  on 
Charged  States  in  2d  CFT  and  3d  Gravity,”  JHEP  08  (2016)  041,  arXiv:  1603.09745 
[hep-th] . 

[27]  D.  Harlow  and  H.  Ooguri,  “Symmetries  in  quantum  field  theory  and  quantum 
gravity,”  arXiv :  1810 . 05338  [hep-th] . 

[28]  Y.-H.  Lin  and  S.-H.  Shao,  “Anomalies  and  Bounds  on  Charged  Operators,” 
arXiv: 1904.04833  [hep-th], 

[29]  Y.  Kats,  L.  Motl,  and  M.  Padi,  “Higher-order  corrections  to  mass-charge  relation  of 
extremal  black  holes,”  JHEP  12  (2007)  068,  arXiv: hep-th/0606100  [hep-th], 

[30]  C.  Cheung  and  G.  N.  Remmen,  “Infrared  Consistency  and  the  Weak  Gravity 
Conjecture,”  JHEP  12  (2014)  087,  arXiv :  1407 . 7865  [hep-th]. 


26 


[31]  Y.  Hamada,  T.  Noumi,  and  G.  Shin,  “Weak  Gravity  Conjecture  from  Unitarity  and 
Causality,”  arXiv :  1810 . 03637  [hep-th] . 

[32]  C.  Cheung,  J.  Liu,  and  G.  N.  Rennnen,  “Proof  of  the  Weak  Gravity  Conjecture  from 
Black  Hole  Entropy,”  arXiv :  1801 . 08546  [hep-th] . 

[33]  E.  Palti,  “The  Swampland:  Introduction  and  Review,”  2019.  arXiv :  1903 . 06239 
[hep-th] . 

[34]  A.  Ritz  and  R.  Delbourgo,  “The  Low-energy  effective  Lagrangian  for  photon 
interactions  in  any  dimension,”  Int.  J.  Mod.  Phys.  All  (1996)  253-270, 

arXiv :hep-th/9503160  [hep-th], 

[35]  G.  V.  Dunne,  “Heisenberg-Euler  effective  Lagrangians:  Basics  and  extensions,”  in 
From  fields  to  strings:  Circumnavigating  theoretical  physics.  Ian  Kogan  memorial 
collection  (3  volume  set),  M.  Shifman,  A.  Vainshtein,  and  J.  Wheater,  eds., 

pp.  445-522.  2004.  arXiv:hep-th/0406216  [hep-th]. 

[36]  A.  Adams,  N.  Arkani-Hamed,  S.  Dubovsky,  A.  Nicolis,  and  R.  Rattazzi,  “Causality, 
analyticity  and  an  IR  obstruction  to  UV  completion,”  JHEP  10  (2006)  014, 

arXiv:hep-th/0602178  [hep-th], 

[37]  B.  Bellazzini,  M.  Lewandowski,  and  J.  Serra,  “Amplitudes’  Positivity,  Weak  Gravity 
Conjecture,  and  Modified  Gravity,”  arXiv:  1902 .03250  [hep-th], 

[38]  M.  J.  Duff,  “Twenty  years  of  the  Weyl  anomaly,”  Class.  Quant.  Grav.  11  (1994) 
1387-1404,  arXiv: hep-th/9308075  [hep-th], 

[39]  M.  A.  Luty,  J.  Polchinski,  and  R.  Rattazzi,  “The  a-theorem  and  the  Asymptotics  of 
4D  Quantum  Field  Theory,”  JHEP  01  (2013)  152,  arXiv :  1204 . 5221  [hep-th], 

[40]  M.  Gillioz,  X.  Lu,  and  M.  A.  Luty,  “Graviton  Scattering  and  a  Sum  Rule  for  the  c 
Anomaly  in  4D  CFT,”  JHEP  09  (2018)  025,  arXiv:  1801 .05807  [hep-th] . 

[41]  S.  Weinberg,  The  Quantum  theory  of  fields.  Vol.  1:  Foundations.  Cambridge 
University  Press,  2005. 

[42]  M.  Gillioz,  X.  Lu,  and  M.  A.  Luty,  “Scale  Anomalies,  States,  and  Rates  in  Conformal 
Field  Theory,”  JHEP  04  (2017)  171,  arXiv :  1612 . 07800  [hep-th], 

[43]  S.  Deser  and  P.  van  Nieuwenhuizen,  “One  Loop  Divergences  of  Quantized 
Einstein-Maxwell  Fields,”  Phys.  Rev.  DIO  (1974)  401. 


27 


[44]  M.  Froissart,  “Froissart  bound,”  Scholarpedia  5  no.  5,  (2010)  10353.  revision  #91280. 

[45]  X.  O.  Camanho,  J.  D.  Edelstein,  J.  Maldacena,  and  A.  Zhiboedov,  “Causality 
Constraints  on  Corrections  to  the  Graviton  Three-Point  Coupling,”  JHEP  02  (2016) 
020,  arXiv: 1407 . 5597  [hep-th] . 


